In [5] , new results on affine complete algebras are obtained using the formalism of generalized metric spaces introduced by Jawhari, Misane and Pouzet [3] . In this paper we focus our attention to the clones of compatible operations obtained by the mean of nonexpansive functions defined on a generalized metric space. We hence prove new results on relations and primal algebras. We apply the notions introduced to study projective metric spaces and give new insights on some results of Gumm [2], Larose and Tardif [7] , Rosenberg, Pouzet and Stone [9] .
Introduction
All notions of universal algebra that we will use are from [6] . We recall that for each integer n ≥ 0 an n-ary operation on the set E is an application f : E n → E. For n = 0, a 0-ary operation on E is a choice of a constant in E; such an operation is also called a constant operation. An algebra is a pair 〈E ; F〉 where E is a nonempty set and F a set of operations on E. The set E is the base set of the algebra and F is the set of its fundamental operations. For simplicity we will denote by E the algebra 〈E ; F〉 when the context is clear.
Let f be an n-ary operation on E and let g 1 ,...,g n be k-ary operations on E. We can define a k-ary operation h on E by setting for (x 1 ,...,x k ) on E k , h(x 1 ,...,x k ) = f(g 1 (x 1 ,...,x k ),...,g n (x 1 ,...,x k )). We say that h is a composition of h and the g j 's. A congruence of the algebra E is an equivalence relation on E which is compatible with each basic operation of E. We denote by Con(E) the set of the congruences of E. A tolerance of E is a binary reflexive and symmetric relation on E that is compatible with the basic operations of E.
Let us denote by O E,n the set of all n-any operations on E and set O E = U {O E,n ⏐ n ≥ 0 }. A clone on E is a subset of O E closed with respect to composition and containing the projections ( i.e. maps i n e defined by setting i n e (x 1 ,…,x n ) = x i for all x 1 ,...,x n ∈ E, 1 ≤ i ≤ n) [6 ] . The clones on E are closed under arbitrary intersections and hence for F ⊆ O E there exists the smallest clone containing F since clearly O E is a clone. This clone is said to be generated by F. The clone of term operations of an algebra 〈 E ; F 〉 is the smallest clone on E containing F. The clone Pol(E) of polynomials of E is the clone of term operations of the algebra 〈 E ; F ∪ {c e : e ∈ E} 〉 where c e is the unary constant operation with value e [6] . ii) ≤ is a (partial) order on V compatible with + ( i.e. p + r ≤ q + r and r + p ≤ r + q whenever p ≤ q) such that 0 is the least element of V ( i.e. 0 ≤ p for all p∈V);
iii) p p → is an involutive automorphism of the order ≤ (i.e. p p = and q p ≤ whenever p ≤ q) and pp + = + for all p, q ∈ V. The algebra V with the above properties is said to be an ordered monoid with involution.
A generalized V -metric space is a pair (E,d) where E is a nonempty set and d : E 2 → V is a generalized V -metric [4] , that is for all x, y, z ∈ E we have:
On some clones of compatible operations
A V-metric space is symmetric if the involution in V is the identity.
Suppose that 〈 V, ≤ 〉 is a semilattice with the join operation ∨. Then for each integer n ≥ 1 the metric d induces clearly a generalized V -metric d n defined on E n as follows d n ((x 1 , …, x n ), (y 1 , …y n )) = d(x 1 ,y 1 ) ∨…∨d(x n ,y n ).
for all (x 1 , …, x n ) and (y 1 , …, x n ) in E n [4] .
When 〈 V, ≤ 〉 is a semi-lattice, we say that the metric space (E,d) is an ultrametric space if the triangular inequality is replaced by
. Clearly this ultrametric inequality implies the triangular inequality. Now, if 〈V, ≤ 〉 is a complete lattice with the join operation ∨ then we can define a generalized metric on the power set E I by setting d((x i ) i∈I ,(y i ) i∈I ) = ∨{d(x i ,y i ), i∈I} for any (x i ) i∈I and (y i ) i∈I in E I .
As in the classical case we have the following notions. Let (E,d) and
with center x and radius r is the set B(x,r) = {y ∈ E ⏐d(x,y) ≤ r }.
A generalized V-metric space is hyperconvex if any family of pairwise intersecting dballs in (E,d) has a non empty intersection.
We will adopt the following notation: if E is an algebra, we denote by d E the metric defined on E with values in the monoid of the congruences of E [4] .
The following result gives an essential link between the metric d E,n and the operations on E compatible with Con(E).
Theorem 1:
An n-ary operation with n > 0 on the algebra E is compatible with Con(E) if and only if it is nonexpansive for the metric d En on E n .
Proof: see [4] .
Definition 2:
An ordered monoid V = 〈 V ; +, 0, − , ≤ 〉 with involution is a Heyting algebra if the following conditions are satisfied:
of elements of V we have
Clones of nonexpansive operations and primal algebras
Definition 3: Let E be a nonempty set. A discriminator on E is a ternary operation
that satisfies the relation:
for any x, y and z in E. If (E,d) is a generalized metric space, we call primal any subset C of O E that generates the clone O E . A subset C of O E is quasi-primal if the discriminator is a term of the algebra on E whose basic set of operations is C.
Remark 4:
If t is a discriminator on E then for each x and y in E, clearly t(x,y,y) = t(x,y,x) = t(y,y,x) = x.
Definition 5:
A ternary operation on a set E satisfying the relation of the remark 4 will be called an a-function on E. 
is an equivalence relation. Since t is a nonexpansive afunction we see [4 ] ( Lemma 1.1) that (E,d) is an ultrametric space. To prove that v = v' we remark that α ≠ β since v ≠ 0. It follows that
We also have
By (ii) and (iv) we see that (α, γ) and (δ,α) are elements of (d) 
Definition 7:
An algebra E is primal if each operation on E is a term operation of E.
Theorem 6 has the following immediate consequence which is an important property of primal algebras [8] . 
Corollary 8:
Any primal algebra is simple. Proof: If E is a primal algebra then by Theorem 6 there exists θ, a nonzero element of Con(E) such that Imd E = {0,θ}. Let (x,y) be a pair with x ≠ y, then d E (x,y) is the unique nonzero element of Imd E . Since (x,y) ∈ d E by the definition of the generalized metric, we hence obtain that θ = E 2 , showing that E is simple.
Completeness and nonexpansive operations
In this paragraph we consider a V-metric space (E,d) with V a Heyting algebra and the algebra (E,C d ) that we denote again by E. Denote by V(E) the variety generated by the algebra E.
Definition 11: Let (E,d) be a generalized V-metric space. The variety V(E) is said to be complete if for any algebra B = 〈 B, {b i } i∈I 〉 there exists a V-metric d' defined in the set B such that each nonexpansive operation on B is a polynomial of 〈B, {b i } i∈I 〉.
For simplicity we again denote B by B.
Theorem 12: Let V be a complete lattice and let (E,d) be a symmetric hyperconvex space. Suppose that the variety V(E) is complete. Then V(E) is arithmetical. Proof: Let us first remark that V(E ) is equal to HSP(E ) by the classical theorem of Birkhoff [6] . Since V is a complete lattice, each product algebra is equipped with the generalized metric defined on the product. Hence we are reduced to the homomorphic images. Clearly this case is handled by Lemma 13.
Proof of Theorem 12: Since any homomorphic image of an arithmetical algebra is arithmetical it suffices to consider the case of the algebras in SP(E). Le B be a subalgebra of some power E I of E where I is some nonempty set. We will show that for any integer n > 0, the set B n equipped with the metric induced by the congruences of B has the finite extension property. Indeed, let X be a finite non empty subset of B n and let f: B 
Projective spaces
Using the analogy between generalized metric spaces and relations we study here the generalization of some results on projective relations to generalized metric spaces.
Definition 15: Let E be a set, n > 0 an integer. A map
is idempotent if f(x,...,x) = x for any x in E. The V-metric space is n-projective if any idempotent and nonexpansive map
is a projection. The metric space (E,d) is projective if it is n-projective for all integers n > 0.
We now introduce the following notations. The set of projections of E denoted by proj(E) is the set of operations of E that are projections. Now let us define for n > 0, P nd = {f∈C d ⎜f is n-ary idempotent and f∉proj(E)} and We can now prove the next result which is a generalization of a result of Gumm [2] .
Theorem 17: Suppose that P d is non empty. If P 2d is empty then C d contains a Maltsev operation.
Proof: Wee proceed by contradiction using the method of [2] . Suppose that P 3d does not contain a Maltsev operation. Let k be the least integer such that P kd is nonempty. We must have k ≥ 3 since P 1d and P 2d are empty. Let m be an operation in P kd . We define the operations m i for 1 ≤ i ≤ k by setting for each (x,y) in E 2 :
where y is at the i-th place. Clearly m i is in C d . Since P 2d = ∅ each binary operation m i is a projection. Let I = {i ⎜1≤ i ≤ k, m i = 1 2 e }, that is the set of all i such that m i is the first projection. We prove that I has at least k −1 elements. If this is false then there exist at least two integers s and t where 1≤ s < t ≤ k which do not belong to I. This means that m s = m t is the second projection. With this, then define a ternary operation on E by p(x,y,z) = m(y,…,y,x,y,…y,z,y,…y) where x is at the s-th place and z at the t-th place for all x, y and z in E. We then see that p is idempotent and for all x, z in E, p(x,x,z) = m t (x,z) = z and p(z,x,x) = m s (x,z) = z. Hence p is a Maltsev operation. Since m is nonexpansive it is also the case for p. This is a contradiction with the hypothesis. Hence I has at least k−1 elements. Hence there exists some j, 1 ≤ j ≤ k such that for any s ≠ j, m s is the first projection. We may suppose that j = 1. By definition m is not a projection. Therefore there exists some (a 1 ,…,a k ) ∈ E k satisfying m(a 1 ,…,a k ) ≠ a 1 . contradicting the minimality of k and proving the theorem.
As a corollary we immediately obtain the next result of Pouzet, Rosenberg and Stone [9] .
Corollary 18: If (E,d) is not an ultrametric space then it is projective for all n > 0 if and only if it is 2-projective.
Proof: (⇒) Suppose that P 2d = ∅ and P nd ≠ ∅ for some n > 2. Then by Theorem 17 C d must contain a Maltsev operation. This means, by [4] that (E,d) is an ultrametric space.
(⇐) Clearly n-projectivity for all nonzero natural numbers implies 2-projectivity.
Corollary 19:
If d is the metric associated to an order, then it is projective if and only if it is 2-projective.
Proof: The metric associated to an order is never ultrametric.
Theorem 20: A projective metric space is never a product of two nontrivial metric spaces. Ordered sets are equipped with a particular generalized metric [3] . Hence the result we have just proved is a generalization of a result that Corominas has obtained for ordered sets [1] , [7] .
